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Torsional oscillation of the vessels with quantum fluids is one of oldest and most popular methods for the 
study of quantized vortices. The recent and very bright example is the discovery of the supersolidity of the solid 
helium. In the torsion oscillation experiments the drop in the period of oscillations with achievement of some 
small temperature has been observed. This effect was attributed to the appearance of the superfluid component. 
This phenomenon depends on many various factors and has various explanations. But, if to adopt (at least hypo-
thetically, at this stage) that the phenomenon of “supersolidity” (dissipativeless flow) is realized, we must consider 
the relaxation of the vortex system (we can call it as vortex tangle, vortex fluid, chaotic set of vortices, etc.). We 
have to do it for the very simple reason, that the only way to involve the superfluid component into rotation is 
the presence of the polarized vortices (with nonzero mean polarization along the axis of rotation). In the present 
work we submit the approach describing the vortex tangle relaxation model for the torsional oscillation res-
ponses of quantum systems, having in mind to apply it for the study of solid 4He. It is shown that the rotation of 
the superfluid component occurs in the relaxation-like manner with the relaxation time dependent on the ampli-
tude of oscillation (as well as on the temperature and pressure). The study of this problem shows that there is a 
quasi-linear solution explaining the (amplitude dependent) shift of period. There is also an imaginary shift of the 
frequency (also the amplitude-dependent), which describes an additional dissipation. The results of the theory 
are compared with the recent measurements. 
PACS: 67.25.dk Vortices and turbulence; 
47.32.C– Vortex dynamics; 
05.40.–a Fluctuation phenomena, random processes, noise, and Brownian motion. 
Keywords: decay, superfluidity, vortices, turbulence. 
 
1. Introduction and scientific background 
Torsional oscillation of the vessels with quantum liq-
uids is one of oldest and popular method to study the quan-
tized vortices. The recent and very bright example is the 
discovery of the supersolidity of the solid helium [1], pre-
dicted theoretically pretty long ago [2–4]. Authors [1] ob-
served the drop in the period of oscillations while achieved 
some small temperature. The measured drop of the period 
is expected to appear due to reduction of the momentum of 
inertia, which, in turn, is originated from the appearance of 
the superfluid component, which would not follow the ro-
tation of the sample cell wall. Since then many various 
measurements had been made, where authors study the 
influence of various effects and factors (see, e.g., [5] and 
review articles [6]). 
The character of the response on the torsion oscillation 
supposes that there are some transient, or relaxation 
processes inside the solid helium. The nature of this relaxa-
tion is real enigma. Unless the rigorous theory is created, 
any phenomenological assumption can be considered and 
discussed (for instance, the viscoelastic model [7], or su-
perglass state [8]). However, if we accept (at least hypothet-
ically, at this stage) that the phenomenon of “supersolidity” 
(dissipativeless flow) is indeed realized, we must consider 
the relaxation of the vortex system (we can call it as a vortex 
tangle, vortex fluid, chaotic set of vortices, etc.). We must 
do it for the very simple reason, since the only way to in-
volve the superfluid component into rotation is just the 
existence of the polarized vortices (with nonzero mean 
polarization along the axis of rotation). To distinguish be-
tween the different approaches and to select out the most 
plausible, one has to arrange experiments with new con-
trollable parameters. The change of the amplitude of oscil-
lations (or the rim velocity )acV  gives the unique opportu-
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nity to select out the vortex tangle model, since the latter 
possesses a very rich dynamics (as we will see later), re-
sulting in many various effects. The detailed and reliable 
measurements for the dependence of both the drop of pe-
riod and the dissipation on the amplitude of oscillations 
were reported in [9] (some of results are shown on Fig. 1). 
It can be seen from the Fig. 1 that the drop of period de-
creases as the applied velocity of oscillations increases. 
That implies that the more intensive motion is realized, the 
faster the superfluid part adjusts to the rotation. From the 
general theory of superfluidity it is known that the super-
fluid part can rotate only due to polarized (along the axis of 
rotation) vortices. That observation gave rise to hypothesis 
that part of the phenomena observed is due to the vortex 
tangle. It should be understood however that, because of 
the absence of the rigorous microscopic theory, there is no 
clear notion what quantized vortices are in solid helium 
and what their dynamics is. We intend to apply our know-
ledge on the vortex tangle in other quantum systems for 
this problem. We hope that this approach bears very gener-
al character, which reflects the fact that vortex tangles in 
different system behave in similar the manner. 
In the following, we propose a phenomenological mod-
el describing the behavior of the torsional oscillations in 
the presence of a vortex tangle. The second section is de-
voted to the problem of rotation of the superfluid compo-
nent due to polarization of the vortex tangle. In the third 
section we describe oscillation of the quantum fluids and 
solids in the presence of relaxating vortex fluids. In the 
forth section we make some comparison with experiments. 
2. Unsteady rotation of superfluid component 
The statement of the problem is the following. We goal 
to study torsion oscillations of the cylindrical vessel of the 
radius R  filled with quantum fluid. In the fluid the vortex 
tangle, or chaotic set of quantized vortex lines is devel-
oped. We do not specify the origin of the tangle, it can be 
created by the counterflow, or flow, or it can be just a set 
of the thermally activated vortices. In a vortex free sample 
or in the case of an absolutely isotropic vortex tangle, the 
superfluid fraction does not participate in rotation or tor-
sional oscillations. Therefore the momentum of inertia 
fullI  acquires a deficit 
2= / 2SF sI VRρ  where sρ  is the 
superfluid density, and V  is the volume of the sample. 
The angular momentum of the superfluid fraction appears 
only due to the presence of either aligned vortices (vortex 
array), or due to the polarized vortex tangle having nonze-
ro total average polarization ( )z′〈 ξ 〉P = sL  along the ap-
plied external angular velocity Ω  (axis ,z  the magnitude 
of 0 = / ).acV RΩ  Here L  is the vortex line density (total 
length per unit volume), ( )ξs  is the vector line position as 
a function of label variable ξ , ( )′ ξs  is the tangent vector. 
In the steady case there is a strictly fixed relation between 
the total polarization ( )′ ξsL  and applied angular veloci-
ty ,Ω  
 = 2 = ( ) / 2.′κ κ ξP / sLΩ  (1) 
Here κ  is the quantum of circulation. In the case when the 
vortex filaments form an array, the quantity L  coincides 
with the two dimensional density ,n  and Eq. (1) trans-
forms to the usual Feynman's rule. The angular momentum 
of the superfluid part can be written as SF SFIM = =Ω
2.SFI= κP /  The average ( )′〈 ξ 〉s  is defined here as 
1 ( ) ,j j j
j
d− ′ ξ ξ∑∫ sL  where index j  distingushes differ-
ent vortex loops. 
 The situation changes drastically in a nonstationary 
(transient or oscillating) case. The total polarization ( )tP  
changes in time owing to both the vortex line density ( )tL  
and the mean local polarization ( )t′〈 〉s  change in time ac-
cording to their own, relaxation-like dynamics. Therefore, 
the angular momentum of the superfluid part is not 
SF SFIM = Ω  anymore. Because of relaxation processes 
there is retardation between ( )tΩ  and )SF tM ( , and the 
connection between them is nonlocal in time. In other 
words the angular momentum )SF tM (  is some functional 
of the time dependent angular velocity ( ).tΩ  The retarda-
tion occurs due to the own dynamics of the vortex tangle. 
To find the connection between external applied angular 
velocity ( )tΩ  and the angular momentum of the superfluid 
part in the unsteady case )SF tM ( , we use the result from 
the classical theory of vorticity. The angular momentum of 
moving (not necessary rotating) fluid  
 3( )SF s s dρ ×∫M = r v r  (2) 
can be expressed via the vorticity field ω(r)  with the use 
of the following formula: 
 3( )SF s s dρ ×∫M = r v r =   
 2 3 2 21 1( ) ( ) .
2 2s s s
r d r d S= − ρ ω − ρ ×∫ ∫r r v n  (3) 
It follows from relation (3) that the angular momentum is 
indeed related to the distribution ω(r)  of vorticity inside the 
vessel. However this connection is ambiguously determined 
and depends on the surface integral. In the particular case of 
the uniform (solid body) rotation the connection between the 
angular momentum and the distribution of vortices is uni-
versal and has the following form (see, e.g., [12]): 
 2 31 ( ) .
2SF s
r dρ ω∫M = r r  (4) 
In the case of the discrete and quantized vortices the 
vorticity can be written as 
 ( ) ( ( )) ( ) ,j j j j j
j
d′ω κ δ − ξ ξ ξ∑∫r = r s s   
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where index j  is for the different vortex loops. In the what 
follows, we use the abbreviature 
 ( )j j j
j
d dξ ξ → ξ∑∫ ∫s .  
For the singular distribution of vorticity viz. for the vor-
tex filaments, the relation for angular momentum SFM  
(see (4)) can be rewritten as 
 ( )21 ( ) ( ) .
2SF s
d′ρ κ ξ ξ ξ∫M = s s  (5) 
Resuming, we conclude that (for uniform rotation) the an-
gular momentum of the superfluid part )SF tM (  is firmly 
connected with the distribution of vortex filaments. That 
implies that, following the evolution of lines, we are in 
position to monitor the change of quantity ).SF tM (  The 
rate of change of the angular momentum is 
 ( ) ( )2= .
2
SF s
s
d
d d
dt
ρ′ ′ρ κ ξ + κ ξ∫ ∫M ss s s s   (6) 
After some long algebra Eq. (6) is transformed to relation 
 = s
d d
dt
′ρ κ × × ξ −∫M s s s   
 2 2) ) 0 0
2 2
s s
j jL L
ρ ρ− κ + κs( s( s( ) s( ) .   (7) 
It is seen from Eq. (7) that there are two mechanisms lead-
ing to the change of quantity )SF tM ( . The first mechan-
ism (expressed by the second and third terms in the rhs of 
(7)) arises due to reconnection of the closed vortex loops 
(or initially unclosed) and sliding their ends (denoted here 
as = 0ξ  and = )jLξ  along the walls of the vessel in the 
direction of applied Ω.  The second mechanism is more 
subtle and applicable only for the unsteady situation. As it 
is seen from the first term in the rhs of (7), it has a struc-
ture which corresponds to the area swept by vortex line 
element ( ) .d′× ξs s  Therefore, it is just the rate of phase 
slippage caused by the motion of vortex lines [11]. This 
combination is the discrete variant of quantity 
( ),s s× ∇×v v  which is called a vortex force and which 
plays a significant role in the vortex dynamics (see, e.g., 
[12]). Multiplied by quantity s, it describe the rate of 
change of the angular momentum due to the motion of 
vortex loops having the Lamb impulse in the azimuth di-
rection. 
To move further, we have to ascetain the equation of 
motion for elements of line ( )ξs  (see, e.g., [15])  
 = ( )s ns′ ′′ ′ ′ ′′+β × +α × −β × +s V s s s V s s   
 ( ).ns′ ′ ′ ′ ′′+ α × × −β ×s s V s s  (8) 
Here ( = ( )ns s− ×V r) rΩ Ω  is the local relative velocity. 
Applying (8) to (7), we can rewrite the latter in the form 
   2 2= ( ) ) ) 0 (0).
2 2
s s s
sn j j
d
d L L
dt
ρ ρ× ξ− +∫M s F s( s( s( ) s   (9) 
Here snF  is the mutual friction. The integral term in (9) 
expressed the obvious fact that the rate of change of the 
angular momentum is just the full momentum of force. 
Supposing further the uniform distribution of lines and 
performing the averaging over various vortex loops confi-
guration, we arrive at the result 
 = ( ).ss s
d
I G t
dt
−( )LΩ Ω Ω  (10) 
In Eq. (10), = sG g Vκρ α , where α  is the mutual friction 
coefficient, g  is the geometric factor of the order of unity 
(multiplied by the squared radius 2R of the vessel) arising 
from the spacial averaging. Equation (10) shows that the 
angular velocity of the superfluid part rate adjusts to the 
changes of the external velocity ( )tΩ  in the relaxation 
manner. However, the things are not too simple. The point 
is that the vortex line density L  is not a fixed quantity. On 
the contrary, it is the time-dependent function, which is 
determined by the whole process. This circumstance makes 
the problem highly nonlinear and involved. The situation is 
complicated by the fact that there is no reliable theory for 
the behavior of the ( )tL  in the vortex under unsteady rota-
tion. There is a number of various approaches and views 
but, in general, the situation is extremely vague. For in-
stance, when the vortex tangle is initially created by the 
counterflow, there is a generalization of the Vinen equa-
tion, which takes into account the angular velocity (see, 
e.g., [13,14]) 
 2 3/21 2= ns
d V
dt
⎡ ⎤−βκ + α +β κΩ −⎣ ⎦
L L L   
 1 4 ,nsV
⎡ ⎤Ω− β Ω+β⎢ ⎥κ⎣ ⎦
L  (11) 
where α  and β  are some phenomenologically introduced 
coefficients. The set of Eq. (10), (11) with respect to two 
variables sΩ  (superfluid angular velocity) and L  (vortex 
line density) describes the evolution of system under tran-
sient rotation ( ).tΩ  In the next Section we will use this re-
sult to describe the torsion oscillations of the vortex tangle. 
3. Torsion oscillations 
In this Section we study torsion oscillations of the cy-
lindrical vessel with radius R filled with quantum fluid 
with the developed vortex tangle. At this stage we choose a 
simplified version. We accept that the instantaneous value 
of the vortex line density relaxes faster then the superfluid 
angular velocity, so the total L = pre-existing( ) ,t +L L  
where pre-existingL  is the initial value of the vortex line 
density, and ( )tL  is the variable part. We also take that the 
variable part is proportional to the amplitude of oscillation  
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0( ) = / .act V R∝ΩL In view of the said above, Eq. (10) 
can be rewritten as 
 1= ( ( ) ).s s
d
t
dt
−τ −Ω Ω Ω  (12) 
Equation (12) has the pure relaxation form with the charac-
teristic time satisfying 
 1 0= ( ) ( ).T T
−τ α Ω +β   
Thus we have typical relaxation process. The intensity of 
relaxation (the inverse characteristic time) consists of two 
parts. One of them is related to the initial level of the total 
vorticity, and the second one is due to variation of the vor-
tex line density under transient rotation. Equation (12) is 
the linear equation. However, the relaxation time depends 
on the magnitude of oscillation (not on the instantaneous 
value). Therefore this problem takes into account a nonli-
near effect in this shortened form. We will call this state-
ment as a seminonlinear relaxation. Let us note that, under 
stepwise behavior ( )tΩ (so-called spin up, or spin down) 
the function sΩ  is approaching to its equilibrium value in 
the relaxation manner with the pure exponential behavior 
( / ) exp( / ).t t′ ′ϕ τ τ∼  
In the presence of relaxation, the angular momentum 
)tM(  of the superfluid part is related to the applied angu-
lar velocity ( )tΩ  by the nonlocal relation, 
 
0
= ( ) ( ) .t dta t b t t
∞ ′ ′⎛ ⎞′+ − ϕ⎜ ⎟τ τ⎝ ⎠∫M Ω Ω  (13) 
Relation (13) implies that the angular momentum )tM(  
depends on the applied angular velocity ( )tΩ  taken in the 
all previous moments of time with the weight exp( / ).t− τ  
To clarify the physical meaning of constants a  and b, we 
consider the limiting cases of very small and very large 
frequencies. In the case 0ω→  the slowly changing func-
tion ( )t t′−Ω  can be considered as a constant and be taken 
out of the integral, whereupon the rest of integral becomes 
unity and we have 0 = ( )a bω→ +M Ω . But at the same 
time, both components participate in the solid body rota-
tion, thus tot( ) = .a b I+  In the opposite case of very large 
frequencies, ω → ,∞  the integral from rapidly oscillating 
functions ( )t t′−Ω  vanishes, so = aω→∞M Ω.  Since un-
der these conditions the superfluid component does not 
participate in motion at all, we conclude that the constant 
a  is nothing but the full moment of inertia NI  of the 
sample without the superfluid part (which includes the 
moment of inertia of the empty cell empty ).I  Thus, the 
quantity b  is the moment of inertia SFI  of the superfluid 
part.  Substituting (13) with = Na I  and = SFb I  into the 
equation of motion of the TO, we get 
    
0
( ) ( ) = 0.N SF
d t dtI t I t t k
dt
∞⎡ ⎤′ ′⎛ ⎞′⎢ ⎥Ω + Ω − ϕ + θ⎜ ⎟τ τ⎝ ⎠⎢ ⎥⎣ ⎦∫  (14) 
Here ( )tθ  is the angle of rotation of the oscillator, k  is the 
spring constant. Equation (14) says the elementary thing 
that the rate of the change of the angular momentum is 
equal to the applied torque (from the spring). Relation (14) 
is an integro-differential equation and, in general, requires 
a special treatment. However, by the use of the circums-
tance that ( / )t′ϕ τ  is an exponential function, we can elim-
inate the integral term. Omitting details, we arrive at the 
case where Eq. (14) is reduced to an ordinary differential 
equation of third order 
 
2
2
( ) ( )N
d d tI k t
dt dt
⎛ ⎞θτ + θ +⎜ ⎟⎜ ⎟⎝ ⎠
  
 
2 2
2 2
( ) ( )( ) = 0.N SF
d t d tI k t I
dt dt
⎛ ⎞θ θ+ + θ +⎜ ⎟⎜ ⎟⎝ ⎠
 (15) 
We are looking for solution in the form 0( ) = exp( ).t i tθ θ ω  
The frequency ω  satisfies the algebraic cubic equation, 
which can written in the following form: 
 
2
2 2
full full full
( )= 1 .
2 2( ) 1 ( ) 1
SF SFI Ik i
I I I
⎡ ⎤ωτ ωτω + +⎢ ⎥ωτ + ωτ +⎢ ⎥⎣ ⎦
  
Using the smallness of the full<<SFI I  we can develope 
the perturbation techniques. Practically it is reduced to that 
we put full= =ω ω  full/k I in the right hand side (further 
the index in fullω  is omitted). Thus, the frequency of the 
oscillation consists of three parts. The first one 
0 full= /k Iω  describes the oscillation with the full mo-
ment of the inertia fullI  as if all constituents (empty cell, 
normal part, superfluid component) fully participate in 
motion. The second term is responsible for increase of the 
frequency because the superfluid component only partly 
participates in the torsional oscillation. The third term is 
the imaginary one. It describes the attenuation of the oscil-
lation amplitude, i.e., it describes the energy dissipation. 
The amplitude decreases (in time) as [ ]exp ( ) ,t−ℑ ω  and 
the inverse quality factor is 1 = 2 ( ) / .Q− ℑ ω ω  Let us re-
write the described result in the following form: 
 
2
2
full
1 ( )=
2 ( ) 1
SFIP
P I
Δ ωτ− ωτ + , (16) 
 1 2 2
full
2 ( )= = .
1
SFIQ
I
− ℑ ω ωτΔ ω ω τ +  (17) 
Relations (16) and (17) are the final solution to the 
problem of the torsional oscillation when the superfluid 
component is involved in rotation via polarized vortex flu-
ids, and polarization occurs in the relaxation-like manner. 
In the next section we apply the theory developed to oscil-
lations of solid helium. 
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4. Torsion oscillations of solid helium 
As is discussed in the Introduction we apply the devel-
oped theory to oscillations of solid helium, concenrating on 
the amplitude dependence. We choose the detailed study 
on the amplitude dependence submitted in Ref. 5. In Fig. 1 
there are data on the relative shift of period (authors call it 
as nonlinear rotational susceptibility (NLRS)) and relative 
dissipation (inverse quality factor). 
Being phenomenological, the approach developed does 
not allow determining some quantities entering the formal-
ism. Thus the parameters ( , )T pα  and ( , )T pβ  responsible 
for the relaxation of the vortex tangle should be also ob-
tained on the basis more rigorous microscopic theory, 
which is absent so far. Nevertheless, comparison of our 
results with the experimental data allows us to explain a 
series of experimental results and to get some quantitative 
information and insights. Let us analyze relations (16) and 
(17). From relations (16), (17) of our paper it follows that 
1( / ) /P P Q−Δ Δ  is equal to (1/ 2)( ).ωτ  It can take any 
value depending on the arrangement of the experiment. But 
usually observations were fulfilled under conditions with 
ωτ  of the order of unity. Therefore in many experiments 
the /P PΔ  and 1Q−Δ  are of the same order of the magni-
tude, although sometimes they can be significantly dif-
ferent (see [5]). Dividing the first relation by the second 
one and taking the zero acV  limit in the relation 
1( / ) /P P Q−Δ Δ  = (1/ 2)( ),ωτ  we get an expression for 
relaxation time ( )Tβ  due to diffusion of vortices. Taking 
further the zero acV  limit for the period drop, and assum-
ing that ( )Tβ  abruptly vanishes below the “critical veloci-
ty” (which is equivalent to the absence of the pre-existing 
vortices), we find the superfluid momentum of inertia SFI  
and, consequently, superfluid density sρ  can be extracted 
from the graphs for / .P PΔ  Knowing ( ( )),SF sI Tρ  ( )Tβ  
and fitting the curves /P PΔ  as functions of ,acV  it is 
possible to determine the inverse relaxation time due to 
aligning 11 ( ) ( ) /ac acV T V R
−τ α∼  and quantity ( ).Tα  In 
Fig. 2 we show 1Q−Δ  and /P PΔ  = NLRS as functions of 
,acV  plotted with the use of relations (16) and (17) and 
extracted experimental data. It can be seen that the shapes 
of curves and their response to the change of T  corres-
pond to the curves shown in Fig. 1. It is seen that in the 
limit 0,acV →  or ,ω→∞  or ( ) 0,Tα →  NLRS reaches 
the maximum value. Physically it is clear, since under 
these conditions the superfluid part cannot participate in 
Fig. 1. The data on the torsion oscillation responses as the func-
tions of the rim velocity .acV  The upper column indicates energy
dissipation 1Q−Δ  and the lower column shows the nonlinear
rotational susceptibility, NLRS = /P PΔ  for the 49 bar hcp 4He
at different T 's as functions of .acV  
10 100 1000
300 mK
140 mK
100 mK
70 mK
50 mK
1.5
1.0
0
0
10 100 1000
1.5
1.0
0.5
0.5
1
0
–
7

Q
–
1
1
0
/
–
6

P
P
fu
ll
Fig. 2. Energy dissipation 1Q−Δ  and nonlinear rotational suscep-
tibility at different temperatures as a function of ,acV  obtained
using relations (16), (17) with the fitting parameters taken from
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rotation at all. The other limits ,acV →∞  or 0,ω→  or 
( )Tα →∞  correspond to vanishing the effect. This is also 
reasonable since under these conditions the superfluid part 
participates in the solid body rotation, and no effect ap-
pears. 
If relaxation due to the pre-existing vortices is weak 
(this should occur at small temperature), the dependence of 
dissipation becomes non-monotonic. The analysis shows 
that the critical value of 12 = ( )T
−τ β  is equal to the fre-
quency ω . In fact, this can differ by some factor of the 
order of unity. One of the possible reasons for this differ-
ence is that we calculate using purely exponential relaxa-
tion process, whereas in reality it can be described by a 
more complicated dependence. The maximum value of 
dissipation 1peakQ
−Δ  should be at (1/ 2)( / )P PΔ  and it 
should be reached at values of the rim velocity 
= [ ( )] / ( ).acV R T Tω−β α  This tendency is easily seen in 
Fig. 1, 1peakQ
−Δ  decreases with T  and shifts in the direc-
tion of small .acV  For some “critical temperature” when 
1
2 = ( )T
−τ β , the peak disappears completely. It happens at 
T  about 120 mK. 
Comparing with the experimental data, one can con-
clude that the behavior described above takes indeed place 
for T  above about 75 mK, but the agreement fails for lo-
wer .T  This can be explained by the fact that the real non-
linear relaxation is omitted in our semi-nonlinear problem. 
Relations (16) and (17) can also explain the / 2f = ω π  
dependence of NLTS and 1Q−Δ  observed in [16]. 
In summary, the phenomenological model of relaxation 
processes of the vortex tangle has been introduced. Un-
steady rotation and torsional oscillation have been studied. 
Dependence of both the NLRS and the 1Q−Δ  on acV  and 
f  has been studied. The results obtained may serve as a 
good qualitative description of the corresponding mea-
surements in the solid 4He. Combining theoretical predic-
tions with experimental data, it became possible to obtain 
some quantitative results. 
This work was supported by grants No. 10-08-00369 
and No. 10-02-00514 from the RFBR. 
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